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bk kLR ERE (A7)

Note: In the following, all functions are real-valued!

1. Assume f is Lebesgue integrable on R. Prove that g(y) = [ f(z)e~@*¥)dz is a bounded,

continuous function on R.  (10%)

9. Let f, fi, fa,--- be measurable functions on the measure space (X,B,u), and, fr < fny1 for
n=12-.--.

a) If f, — f in measure, prove that f, — f almost everywhere. (10%)

(
(b) If f, — f almost everywhere, prove or disprove that f, — f in measure. (5%)

3. Let f, f1, fo, - -+ be Lebesgue integrable functions on [0,1], and, {fa}2, converge uniformly to
f.

(a) Prove or disprove that f[0,1] fdm = ?}Lrgo f[o,u fndm, where m is the Lebesgue measure. (5%)

(b) If f, is absolutely continuous on [0,1] for each n = 1,2,---. Prove or disprove that f is
absolutely continuous on [0,1]. (10%)

4. Let A\, u and v be o-finite measures on (X,B). Assume that v is absolutely continuous with
respect to p, and, u is absolutely continuous with respect to A

(a) If f is a nonnegative measurable function on X, prove that
/fd /fd”d (10%)
vV = —— Q. 0

x x " dp

(b) Prove that % = gﬁ%’i almost everywhere with respect to A.  (5%)

5. (a) Prove or disprove that L?([0,1]) 2 L%([0,1]), where 1 < p < g < co. (10%)

(b) Prove or disprove that 9 2 [P, where 1 < p < ¢ <00, P = {(21,%2, ") : Joney [Zal? < 00}
and 19 = {(z1, 22, ) 1 Doury |Za]? < 00}, (10%)

6. (a) Let {D,}2, be a sequence of closed subsets in R*. If Dy is bounded and D,, 2 Dy, for
0
alln =1,2,---. Prove that () Dy is nonempty. (5%)

n=1
(o o]
(b) Let {E,}%, be a sequence of open dense subsets in R". Prove that () E, is also dense

n=1
in R*. (10%)

7 Let F: 12 — R be a bounded linear functional. Find the unique element (ay,az,as, - ) in 12
such that
F(zy,29,-7) = Zanxn for any (z1,za, ) € 1%,
n=1

and
1

Z:Ianl2 )z = sup{|F(z1,z2," lecnl2 =1}. (10%)

n=1



