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1. Prove or disprove the following statements.
(a) (10%) For any open subset of R, its Lebesgue measure |G| equals |G|, where G is
the closure of G.
(b) (10%) Let f and g are absolutely continuous functions. Then the composition fog
is also an absolutely continuous function.
(¢) (10%) Let f and {f.} be measurable functions which are defined and finite a.e. in
a set E with |E| < co. If {fn} converges in measure on E to f, then f, — f ae.

on E.

2. (10%) Construct a subset of [0,1] such that the set is closed, has measure 1/2, and

contains no intervals.

3. (15%) Discuss the following functions of bounded variation:
zsin(l/x), for0<z <1 22 cos(l/z), for0<z <1
fla) = ) and g(z) = )
0, for x = 0. 0, for z = 0.

4. (10%) Let f be nonnegative measurable function on R and p > 0. Show that

[U@pdz=p [ ¢ e R f@) > et
R

0

5. Find the Lebesgue integral and limits:
1
1 =
(a) (7%) f udx;
0 x

(b) (8%) lim (L) /0 h ( ! e

n—0o 1-|—:r/n)"m1/" .

6. (10%) Let f € LP(R™),1 < p < 60 and L+ = 1. Prove that

Ifll = sup f(z)g(z) dzx.

lhgll,r <1 JR™

7. (10%) Let (X, A, u) and (Y, B, v) be two complete measure spaces. Suppose h and g are
integrable functions on X and Y, and define f(z,y) = h(z)g(y). Show that f is integrable

on X xY and
/ fd(,u,xv)zf hd,u,/ g dv.
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