PR R EBEEAE L EERY - 5T (Aug. 27, 2010

1. (15%) Let f be a real-valucd function defined for all real numbers. Prove that the set

of points at which f is continuous is a Gjs.

2. (15%) It { fr(x)}3=, is a sequence of measurable functions. Show that the set of points

at which {fi(2)}72, diverges is measurable.

3. Prove or disprove the following statements.

(a) {10%) Let f be of bounded variation and continuous on [a, b}, then f is absolutely
continuous on {a, b].

(b) (10%) The function f(z) = {
[~1, 1.

(¢) (10%) Let f and {f,} be measurable functions which are defined and finite a.e. in
aset B with |F| <oc. If f, — f ae. on E, then {f,} converges in measure on E
to f.

(d) {(10%) Let f, {fa} € LP. If f, — f ae. and ||fill, — || fllzs 1 < p < oc, then {f,}
converges to f in LP.

r?sin(1/x?}, for z #0 .
is absolutely continuous on
0, forx =0

4. (15%) Let 0 < py,p2 < o0 and f € LP 1 L¥2. Show that f € L?,p; < p < pa.

5. (15%) Let f € L{R™) and g € L(R™). Prove that f+g € L{R™} and ||[f+g|1 < ||fli1]lg]-
Here (f * g){x} is defined by '

(f=g)(z) = - flz - y)g(y)dy.




