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Let f : [0,1] — [0,1] be continuous. Show that the graph of f has zero
measure.

. Write Cy(R, R) to indicate the space of functions f : R — R, which is con-

tinuous and bounded. Let B = {f € C,(R,R) | f(z) > 0 for all z € R}. Is B
open in Cp(R,R) 7

Let
P+ 2 if —1<z<landz#0
o(z) = ]
0, if «=10

Find the Lebesgue decomposition and Radon-Nikodym derivative of do with
respect to dz, where dz is the Lebesgue measure on [-1, 1].

. Let f(x) > 0 be in L*(R) with Lebesgue measure such that [*°_ f(z)dz = 1.

For e > 0, let fe = 2f(%) and let ¢ € Co(R), the continuous function on R

with compact support. Recall
o0

(h*g)(z)= / hiz —t)g(t)dt for h,g € L'Y(R).
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Prove that ¢ * f. — ¢ uniformly as ¢ — 0.

For f € L'(R) define the Fourier transform f of f by
f(x) :f f(t)e =t dt, z € R.
Show that if f and g belong to L'(R), then m(uc) = f(z)§(x).

Let f € L'([a,b]). Show that there is a set A C (a,b) such that
A(A¢N [a,b]) = 0, where X is the Lebesgue measure, and
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for all z € C and all z € A.

Denote by C(R) the linear space of all real valued continuous functions on
R. Show that the linear transformation T : C(R) — C(R) defined by

Tf@)=LA f(z) dz

has no eigenvalue.



