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Usage of Greek alphabet
ref (7 )0 independence number. y{{#): chromatic number, &[G vertex connectivity,

NG edge-connectivity. 4(G7): minimum degree. e{GY: number of edges.
FProblem 1 Show that if @ is a vertex of an n-vertex tree &, then

2oyevien dlz,y) < (2)

(10 %)
Problem 2 Prove that the center of a tree T is one vertex if and only if
diam(T) = 2 rad(T).
(10 2
Problem 3 Prove that «(G) < '{G) < ¢(G). And show that there exists a graph
H with k(H) < &' (H) < d(H). (10 4]

Problem 4 (20 %)

{a) Prove or disprove that if 7 is a simple graph with number of vertices n(G) > 3,
and G has at least (7)) vertices of degree n(G) — 1, then & is Hamiltonian.

(b] Prove that if £(G) > «G), then ¢ has a Hamiltonian cycle (unless ¢ = K5).

Problem 5 (20 43)

(a) Prove that a graph G has a 1-factor if and only if oG — 5) < |S| for every
S CVIG).

(b} Using (a) to show that every J-regular graph with no cut-edges has a 1-factor.
Problem 6 Prove that x(G) - x(G} = n(G), use this to prove that x(G) + y((7) =
2,/ n(G). (104)

Problem 7 Prove by induction on e{G) that a plane graph is bipartite if and only
if every face has even length. (10 %)

Problem 8 Show that the Ramsey numbers £(3,3) = 6 and R(3,4) =9. {10 4)



