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1. Suppose G is a bipartite graph. Give a necessary and sufficient
condition for G having a perfect matching and prove it. (20%)

2. Prove that every tournament has a vertex from which every vertex is
reachable by a directed path of length at most 2. (15%)

3. A graph G=(V,E) with n vertices is Hamiltonian-connected if every
two vertices of G are connected by a Hamiltonian path. Prove that if
|E|>(n—1)(n—2)/2+3 then G is Hamiltonian-connected. (20%)

4. Suppose G is a planar graph with the girth at least 4. Prove G has a
proper 4—coloring. (15%)

5. Frue or False. (If the statement is true, prove it; if it is false, give a
counterexample) (10%x3)
(a) If T'is a tree with the diameter at least 3 then the complement of T
is connected.
(b)If a graph G is bipartite then the chromatic index of G is equal to
the maximum degree of G.
(c) If the chromatic number of a graph G is 4 then G contains a
subgraph which is isomorphic to the complete graph of order 4.



