Qualifying Exam for Numerical Analysts at Math.NCU

January 19, 2010
Throughout this problem sheet, (2 denotes some bounded polygonal convex domain in the
two dimensional space with boundary I' = 8Q. Let L%(Q2), H*(2) and H{(2) be the
function spaces with their standard definitions. Let the bilinear form (-, ) be the standard
L2-inner product and | - || be the standard L2-norm.

1. A Model Problem

In this problem and for this problem only, let {2 be the domain bounded by z-axis, y-axis,
and the line z + y = 1. Describe a triangulation of Q2 by 25 equivalent right triangles. Set
up a linear system of equations for the boundary value problem

—Uge —tUyy =1, (z,¥) €N
u=0, (m:y)er

by a finite element method with piecewise linear elements.

2. The Fundamental Theory
Let V be a Hilbert space with scalar product (-, -)y and corresponding norm ||-||y-. Suppose
that a(-,-) is a bilinear form on V x V and £(-) a linear form on V with the following
properties.
(i) a(:,-) is symmetric.
(ii) a(-,-) is continuous; that is, there is a positive constant v such that
Ia(v’w)l = 7“””1’ ||w”Wa Yo, w e V.
(iii) a(-,-) is V-elliptic; that is, there is a positive constant « such that
a(v,v) > a|lv||}, YveV.
(iv) £ is continuous; that is, there is a positive constant A such that

[£(v)] < Allv]lv

Show that the minimization problem
1
Find u € V such that F(u) = néx{} F(v) where F(v) = aa(v,‘u) — £4(v) (2.1)

and the abstract variational problem
Find u € V such that a(u,v) = £€(v), YveV (2.2)

are equivalent, and there is a unique solution u € V such that
A
ully < —.
lullvy < =
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3. Finite Element Spaces

Let 7% be a triangulation of Q and K € Tj, be a triangle with vertices o', a?, a® where
at = (a},03). Let Vi be the standard finite element space of piecewise linear functions on
triangles K, that is,

Vi = {ve HYQ) | v|lx € IL{K), VK € T}

where TT; is the space of polynomials of degree 1 in variables © = (z1,72). What is the
dimension of [1;(K)7 Please give one sct of basis functions A;(x} for I1; (K).

For a given triangle K, let k be the longest side of K, p be the diameter of the circle
inscribed in K. For a given continuously differentiable function v on K, let the interpolant
% € 111{K) be defined by

Show that

v — #{|oe < 202 max || D*vl|c (3.1)
la|=2
and
}1.2
max || D%(v — #)]||eo < 6— max || D"vf|w 1423
jai=1 p |al=2

where @ is a multi-index (a1, crg) with whole number elements and |af = oy + ag and

ey

@ oy, f¥gt
ax dxs

D%y =

In the above, || - || 18 an abbreviation of
oo iy = glea%@(wﬂ-

4. Parabolic Problems
Consider the model parabolic problem

= A= F 80T
u=0 onl x(0,T), (4.1)
iz, 0) =ugle) in 8l

where u = u(w,t) for # € Q and t € (0,T), & = du/0t and Au is the Laplacian of « in
space.
The semi-discretization (in space) for (4.1) is based on the variational formulation:

(a(t), v) + a(ult), v} = (f(£),v)

i /¢ o
i) =t o e HIQ)  (4.2)

Find u(t) € Hy(€2) such that {

What is the proper meaning of a(-,-) in (4.2)?
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Let V;, be a finite element space in Hg(Q), describe the semi-discretization of the
problem (4.1). And, let u,(t) € Vi be the finite element solution of your semi-discretization
problem, show the stability property that

lun (@l < [luoll,  for ¢ € (0,T).

5. Hyperbolic Problems
Consider the reduced model problem

{uﬁ+u:f in ©

5.1
u=g onl. (k)

It comes from setting € = 0 in the stationary part
div(fu) + ou —eAu=f in Q
of the convection-diffusion equation

Ou

ot

Here I'_ is the inflow part of the boundary. Let 8 be a unit constant vector and vg = 8-Vv
denote the derivative of v in the direction of 8. Consider 3 as the direction of flow, then

+div(Bu) + ou —eAu=0 in 2 x (0,T).

. ={zel|n(z) B <0}

where n(z) is the outward unit normal vector at z € I'.
Let I'y =T'/T'_, define

(v, w) =_/;vw(ﬁ-n)ds, (v,w)-:fr vw(B - n)ds and (v,w}.,.=_/r: vw(B - n)ds,

and let |v|? = (v,v). With the notation

b(w,v) = (wg + w,v) — (w, v)_
f(v) = (f:”) L4 (g:U)—

we can formulate the standard Galerkin method with weakly imposed boundary conditions:
Find u" € Vj, such that b(u",v) = £(v), Vv € Vj. (5.2)
Show the stability property of the problem: For any v € H!(Q), we have
b, v) = ol + 3 lol”
And argue that the problem (5.2) has a unique solution.
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