Combinatorics

1. a1 > ay > ag > --- > a7 are positive integers such that
a1 +as+asg+ -+ ay = 100.
Show that a; + as + agz > 50
Proof :
Consider two cases: Casel: az > 16 , Case2: a3 < 15 .
Case 1: a3 > 16
Then a; +as +az > 18 + 17+ 16 = 51
Case 2: a3 <15
Then a4 + a5 + ag + a7 <14+ 13+ 12+ 11 = 50
=a;+aytaz= (a1 + -ay)— (ag+---az)
> 100 — 50
=50 O

2. a1 < ag <agz<---<ay <1706 are positive integers.
Show that a; + a;11 < 4a; for some 1 =2,3--- .6 .

Proof :
Suppose, on the contrary, that
ay +a;41 > 4a; foralle=2,3---.,6.
Then a;y1 > 4a; —ay fori=2,3---,6.
az > 4das —a; > 4(ag +1) —ay =3a; +4
as > 4az —ay > 4(3a; +4) —ay = 1la; + 16 ,
as > 4ay — a; > 4(1lay + 16) — a; = 43a; + 64
ag > das — a; > 4(43ay + 64) — a; = 171a; + 256
ay > 4ag — a3 > 4(171ay + 256) — a4
= 683a; + 1024 > 1707 , a contradiction. ]

3. (1) Given 69 distinct positive integers not exceeding 100 ,
prove that one can choose four of them a,b,c,d such that a+b-+c=d .
(2) Show that (1) is not true if 69 is replaced by 68.
Proof :

(1) Let aq < ag < az < --- < agg < 100 be positive integers - - -

We will show that a; + as +a; = a; for some 2 <@ < j
= a1 <32



1<az+ar<ag+ay - <agy+a <100+ 32 =132
' 1<as—as<as—as--- <agy— ay <100 <132

= a; + a = a; — ay for some 3 < i, somej (why?)

c.ap+ax+a; =a; forsome3 <i<j

(2) Consider the numbers 33, 34, 35 ---, 100. O

4. Let a; < ay < -+ < a, (n > 2) be positive integers.
Show that there exist 1 <17 < j < n such that
a;+a; ,a;—a; & {ay, - cant —{ai,a;}.
Proof :

Suppose, to the contrary, that
for every 1 <i < j <mn,

either a; +a;j or a; —a; € {ay,------ cany —{ai,a;F e (1)

For1<i<n-1, a+a,>a, ('a;>0)

=For1<i<n-—1, a+a,¢&{a, - - Jant (rap<ag<---<ay)
=For1<i<n-—1, a+a,¢&{a, - - Jan}t —{ag, a,}
=For1<i<n-—1, a,—a; €{ay, - cant —{ai,a,y (o (1))
......... 2)
=For1<i<n-—1, a,—a; €{a,ag, - - Jan} —{a,}
= {a17a2, ...... ;an—l}
Up — Qp1,0p — A9, * Ay — A2, Ay — a1 € {ag,ag, -+ ,Ap_1}

a; < ag < -+ < ap_o < a,_1 (by assumption)

= Ay — Ap—1 < Qp — A < - - < Ay, — A1

Hence Ap — Qp_1 = A1, Gy — Ap_9 = A2, Ap — Qp_3 = Az, """ ,

Up — Q] = Qp] s orrerreeens (3)

Case 1. niseven (ie,n=2s,s€N)
(3) = ap — ap_s = as
= a, — a5 = ag
= a, —as & {ay, - Jan} —{ag, a,}
——(2)

Case 2. nisodd (ie,n=2s+1,s€ N)

(3) = Q9541 — Q25 = (7



= Q25 + A1 = Q2541

:>F01"2§]{3, Q95 + Qg > Q2541 ('.'CL1<CL2<"')

= For2 <k, ass+apé&{a, - ,ags11 ) — {ags, ar}
("ap <+ <ags1)
= For2<k<2s—1, ags—ax€{ar, a1} — {ass,a} (. (1))
............ (4)
= Qg5 — Q2,025 — A3, ,0gs — Qge—1 € {1, -+ ) 2641}

(3) = Q2541 — A25—1 = A2
= Q2541 — G2 = Q251

= Qg5 — A2 < A25—1 ( U A2s < A2s41 )

= Aog — Qog—1 < "+ < Q25 — A3 < Q95 — A < A9g—1 ('.'ag<a3<--- )
= Qg5 — Qge—1, "=+ , (25 — A3, 025 — g € {ay, -~~~ - sags—2} (0 (5))
QAos — 251, *** , Q25 — A3, 025 — A2 € {ala """ 7@2372}

We have ar < ag < -+ < Qog_9

A2s — A2s—1 < Qg — Q952 < =+ < (gs — A2

= Q25 — Q25—1 = A1,

Q25 — A25—2 = Ag,

= Aos — Ag g {ah """ 7an} - {a287 CLS}

5. kne N, n>2+k(k—1),
Aq, Ay, -+, A, are sets such that
|A;| =k fori=1,2,--- ,n.and [A4,NA|=1 forl<i<j<n
Show that Ay N Ay N---NA, #0

Proof :
= At least one element in A; appears in k sets of Ay, Ag, -+, Asipk—1), (Why?)

sayr € AiNAsNA3N - N Agyq

={z}=A4NA4 foorl<i<j<k+1 (. |JANA|l=1) ---(1)
Thenz € A fork+2<I<n ------ (2)

(*." Suppose, on the contrary, that = ¢ A; for some k+2<[<n
Then AANA;NA =0 forl<i<j<k+1 (-.(1))



= A NA,,ANAy, -+ A N Agyq are pairwise disjoint - - - (3)

We have A D AN (A UAyU---UAy)
=(ANA)UANA)U---U (AN A1)
= A > JANA|+|ANAs|+--+ AN A (0 (3))
=k+1 (|JANA|=1 fori=12,---k+1)
—— A =k )

(1,2) =z AiNAN- - NAN---NA,.
LANAN-NA A O

. A T-tetromino is a configuration of four unit squares arranged in the following shape:

L[]

Suppose that an m x n rectangular board can be tiled with T-tetrominos.
Show that 8|mn.
Proof :
Let a tiling be given.
m X n rectangular board can be tiled with T-tetrominos.
= 4lmn (- T-tetrominos has four unit squares )
= 2/mor 2n --- (1)
Imagine the board as a red and white checkerboard.
Then
(i) the board has the same number of red squares and white squares. (" (1)) (why?)
(ii) each T-tetrominos in the tiling either covers 3 red squares and 1 white square

or covers 1 red square and 3 white squares;

in the former case, we say that the T-tetromino is of type 1,

and in the latter case we say that the T-tetromino is of type 2.
(i),(ii) = in the tiling, there are the same number of T-tetrominos of type 1

and those of type 2 (why?)
= in the tiling, there are even number of T-tetrominos

= 8|mn (why?) O

. The unit cube C = {(z,y,2)| 0 < x,y,z <1} is cut along the planes
r =1y, y =2z and z = x. How many pieces are there ?

Solution; :



Cutting C along z = y, we get Z; = {(z,y,2) € C| x>y },
Zy ={(z,y,2) € Cly>x}.
Cutting C along y = 2, we get X; = {(z,y,2) € Cly >z},
Xo ={(z,y,2) €Clz>y }.

Cutting C along x = z, we get Y} = {(z,y,2) € C| x>z},
Yy ={(z,y,2) €Clz>x}.

Consider Z, N X;NY, (1<4i,j,k<2)
We have Z; N X1 NY, = {(z,y,2) €Clx>y>z}
ZlﬂXlﬂY’z :@

ZiNnXonY, ={(x,y,2) €eClx>z>y}
ZiNXoNnYs ={(x,y,2) €Clz>x>y}
ZyNnXinY; ={(z,y,2) eCly>x>z}
ZonNnXiNYs, ={(z,y,2) eCly>z>x}
ZoNXoNY, =0

ZonXoNnYe =A{(z,y,2) €Clz>y>x}.

.". There are 6 pieces.

Solutions :
Each of the planes x =y, y = 2z, z = x contains the straight line z =y = z.

Three distinct planes which pass a line divide the space into 6 regions.

. Show that . .
() -5 (07
Jj=0 J Jj=0 J
Proof :
Let .
(T
o) =S (1)
—~ j
j
" (n—x
g(x) = ( : )
=0 N 7
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Thus f(k) = g(k) for k=0,1,2,--- ,n.
This completes the check of (2)
Now (1),(2) = f(x) = g(x)

. (1) Let X be an nonempty set,

Fy ={ (A1, A5, A3): A, Ay, A3 C X }

Fo=1{(B\,Bs,- ,Bs): BB, ,B; C X}

Let f:F), — F, defined by

(A1, Ag, A3) = (AN Ay NAs, AiNAyNA;, AiNAyNA;,

ANAy;NA;, AiNAyNAs, AiNAyN A,
AiNAyNAs), where Ay =X — Ay
Show that f is a 1 — 1 function.
(2) Suppose that X is a set with | X| = n.

Let FF={(A,A5,A3): AyUAUA; =X}
G={(A1,A3,A3): AJUAUA3 =X, AiNA;NA3=0}
H={(A1,A3,A3): Aj,A3,A3C X, AANANA;=0}

Find |F|, |G| and |H]| .

Proof (1) :

Suppose f(A1, Ay, A3) = f(Bi1, By, Bs)

Then Ay N AN A3 = BN ByN By
AiNAyNA; =B NByN By
AiNA;NAy =B NByNB;



AlNA;NAs =B, NByN By
= A =(A1NANA)UANANA)UA NANA) U (A NAyN As)
= (BiN BN B3)U (BN ByN Bs) U (By N By N Bs) U (BN ByN Bs)
=B
Similarly, Ay = By, A3z = Bs
Hence (A, Ay, A3) = (B, Bz, B3)
Sofis1—1.

Solution (2) :

By (1) , different (Aj;, As, As)’s determine different
(AiNAyNAs, AiNA;NAs, AiNAyNAs, AiNAyNA;s,
AlNAyNAs, AiNAyNAs, AN Ay N A3)s

(i) Suppose A; U Ay U Az = X.

Every element in X falls into one of seven multually disjoint sets :
ANA;NA;, AiNANAs, AiNAs;NAs, A NAyN A,
ANAy;NAs, AiNANAs, A NAyN As.

.. There are 7" different (A;, Ay, A3) in F

= |F|=T"

(i) Suppose Aj U AU A3 =X, AiN Ay N A3 =0.

Every element in X falls into one of six multually disjoint sets :
ANAyNA;, AiNANA;, AiNAsNA;, AiNAyNA,,
ATNAyNA;, A NAyN As.

oGl =6

(iii) Suppose A; N As N A3 C X, A;N AN Az =10).

Every element in X falls into one of seven multually disjoint sets :
AnANnAy, AnANA, AinAnAy, AinA N4,
ANAyNA;, AiNAyNA;, A NAyN As.

SH =T OJ



